We compare the conventional description of the interaction of matter with the four known forces in the standard model with an alternative Weyl description in which the chiral coupling is extended to include gravity. The two are indistinguishable at the low energy classical level of equations of motion, but there are subtle differences at the quantum level when nonvanishing torsion and the Adler-Bell-Jackiw anomaly is taken into account. The spin current and energy-momentum of the chiral theory then contain non-Hermitian terms which are not present in the conventional theory. In the chiral alternative, CPT invariance is not automatic because chirality supersedes Hermiticity but full Lorentz invariance holds. New fermion loop processes associated with the theory are discussed together with a perturbative regularization which explicitly maintains the chiral nature and local symmetries of the theory.
I. INTRODUCTION
It is well-known that in the standard model, fermions interact chirally with internal gauge fields and can be described by a multiplet of 15 left-handed Weyls per generation coupled to the basic forces. In the absence of gravity, at least as far as perturbation theory is concerned, the rewriting of right-handed fields as left-handed ones is mere relabeling without physical consequence. The conventional coupling to gravity is Majorana since the Hermitian Weyl action contains both the left-and right-handed spin connections and can be expressed as a Majorana action in the absence of internal gauge fields. As shown in Ref. [1] , in four dimensions, gravity can be described using spin connections of a single-handedness. When we bring in internal gauge fields, the difference is important, because the fermion multiplet belongs to a complex representation of the internal gauge group. It is not possible to express the complete action with all four forces in pure Majorana form. Whether we write some of the fields of one chirality as conjugate fields of the opposite chirality can produce couplings to spin connections of different handedness.
If fermions couple to only the left-handed spin connection, then what dynamics is to be prescribed for the left-handed spin connection without leading to spurious equations of motion for the right-handed spin connection? An answer that suggests itself is that when such a chiral Weyl theory of fermions is quantized, the one-loop effective action generated in background curved spacetimes inevitably result in counterterms. These will be compatible with the Weyl nature and symmetries of the theory if there are no anomalies. Thus the lowest order curvature counterterm which is the analog of the Einstein-Hilbert-Palatini action for the conventional case is therefore the natural candidate for the classical action. As we shall see, this leads naturally to the Samuel-Jacobson-Smolin action [2] for (anti-)self-dual Ashtekar variables [1] . Conversely, if such an action which involves not the full but only the left-handed spin connection is used, then fermions of only one chirality is allowed. An obvious question is whether such a theory differs in any detectable way from the conventional one [3, 4] .
The Hermitian Weyl action in curved spacetimes requires the righthanded spin connection. A Weyl action with only the left-handed spin connection is therefore not Hermitian in general. However, the chiral Weyl theory is local Lorentz invariant because in four dimensions, the miracle is that the relevant SO(3, 1) group is isomorphic to SO(3, C) and SL (2, C) is the complexification of SU (2) . In fact the (anti-)self-dual Ashtekar connection is the left-handed complexified SU (2) connection when the Lorentz group is gauged. While P and CP have been observed to be violated, there is a bias to believe that CPT is good. The CPT-theorem [5] says that a local, Lorentz-invariant quantum field theory with a Hermitian action S quantized according to the spin-statistics rule must be CPT-invariant. Under CPT, S → S † . The Hermitian qualification is essential to CPT being good and the chiral nature of the standard model suggests that it is a possible candidate for a breakdown of CPT invariance. 1 As we shall see, violations of CPT are subtle and occur in regimes which have not been rigorously tested.
In what follows, we discuss the standard model with gravitational coupling in the context of a truly chiral Weyl theory [4] and detail how it differs from the conventional scheme. We prove its consistency with respect to all the local symmetries of the theory and provide a regularization scheme [6] which explicitly respects the chirality and local symmetries and permits the computation of fermion loops which include CPT-violating processes in the presence of torsion. We show that the energy-momentum tensor and spin current contain anti-Hermitian pieces which all involve the Adler-BellJackiw (ABJ) current [7] . The scaling behaviour of the theory also differs from the conventional case in that the trace of the energy-momentum tensor contains anti-Hermitian contributions involving the ABJ current and the ABJ anomaly.
II. WEYL, MAJORANA AND HERMITIAN AC-TIONS
We start with the bare chiral (Weyl) fermion action which is
1 The violations studied here are due to non-Hermiticity rather than to infinite number of basic fields, nonlocality, strings and extended objects or a breakdown of Lorentz invariance.
where iD / = γ µ (i∂ µ + W µa T a + i 2 A µAB σ AB ), and e denotes the determinant of the vierbein. W µa is the internal gauge connection while A µAB is the spin connection. The convention is
with η AB = diag(−1, +1, +1, +1). Lorentz indices are denoted by uppercase Latin indices while Greek indices are spacetime indices. In the standard model, it is possible to relabel right-handed fields
and rewrite all Weyl fermion fields in a multiplet Ψ L , of 15 Weyl fermions, which belongs to a complex representation of the gauge group. 2 The arguments and results presented in this article are however not confined to just the SU (3) × SU (2) × U (1) group and 15 Weyls, but are also applicable to Grand Unified Theories [8] coupled chirally to gravity.
Recall that if the gauge generators T a satisfy
then (−T a ) * satisfy the same Lie algebra. 3 If there exists a U such that U −1 (−T a ) * U = T a , then the representation is called real (pseudoreal) if U is symmetric (antisymmetric). Otherwise, the representation is termed complex. The Hermitian conjugate of the Weyl action is
(4) Without gauge fields (W µa = 0), the Hermitized action is expressible in Majorana form as
with
2 i denotes the flavor/color and C4 is the charge conjugation matrix in four dimensions with C = C † 4 = −C4. 3 We adopt the convention of (T a ) † = T a and real structure constants.
being the Majorana spinors. When there are internal gauge couplings, it is still possible to write the Hermitized Weyl action in the Majorana form for real and pseudoreal representations since
with a different set of Majorana spinors
and the choice of U for which U (−T a ) T U −1 − T a = 0 can be found. For complex representations however, the Hermitized action has a Majorana form only for gravity couplings. We next examine the case in which the coupling of matter to all four known fources including gravity is entirely chiral or Weyl i.e. the couplings are described precisely by 
is the anti-self-dual or left-handed spin connection, and only left-handed fermions appear in the action. 4 For clarity, we shall use the explicit chiral representation with
Note that in (S − ) † in Eq. (4) the coupling projects out the right-handed spin connection while in S − only the left-handed spin connection is required. So a Majorana fermion couples to both left-and right-handed spin connections. The same is true for a Weyl fermion in the Hermitized action. See for instance Ref. [4] for explicit self-and anti-selfdual decompositions of the spin connection and their couplings to two-component Weyl fermions.
In the above, τ a = −τ a (a=1,2,3) are Pauli matrices, and τ 0 = τ 0 = −1 2 . In the chiral representation,
Note that
is also precisely the Ashtekar connection in the (anti-)self-dual formulation of gravity in four dimensions [1, 2] . In this regard, since right-handed spin connections do not appear at the fundamental level, couplings only to lefthanded Weyl fermions are allowed [4, 9] . In what follows, we shall suppose as in first order formulations, that the spin connection and vierbein are independent and that the torsion is not necessarily zero. Before isolating the pure and imaginary parts of the action, let us first summarize some basic relations involving torsion.
A GL(4,R) connection Γ α µν may be introduced through
and
The covariant and contravariant metrics g µν = e µ A e νA and g µν = E µA E ν A therefore satisfy the metricity condition (which preserves lengths under parallel transport) with respect to the connection Γ α µν i.e.
The connection Γ α µν is not necessarily torsionless or symmetric. In fact,
is related to the torsion
by
In the presence of torsion, the Dirac matrices
with ∂ µ ln e = Γ ν νµ and
In the quantum theory, to be compatible with the diffeomorphism-invariant measure [10] 
in curved spacetimes, we shall chose densitized variables defined bỹ
This accounts for the second line of Eq. (1) in the Weyl action. We may now decompose the Weyl action into explictly Hermitian and anti-Hermitian pieces by writing
with the pure imaginary piece iIm(S − ) given by
(23) We may note that in the presence of torsion, the second term is not a total divergence and therefore gives rise to anti-Hermitian contributions to the energy-momentum and spin current, but not the internal gauge current. We shall return to these later on in Section VII.
Recalling that T Aµν = 2Γ α [νµ] e αA , and defining Γ ν [νµ] ≡ B µ , the imaginary part of the Weyl action is in fact
It is interesting to realise that B µ actually transforms as an Abelian gauge potential [11] 
under local scaling
For the densitized variables, under scaling
However, it is important to observe that the gauge group parametrized by exp(
1
The ordinary divergence of the (densitized) 5 ABJ or axial current
is related to its covariant divergence and torsion through
Therefore, in terms of undensitized variables,
We may note from Eq.(24) that the Abelian conformal gauge field is actually coupled to the fermion current J µ (hence the ABJ or axial current) which acts as the source for B µ when there is torsion.
III. EQUATIONS OF MOTION
At first thought, we might suspect that replacing the Hermitized Weyl action by the non-Hermitized version would lead to a different Weyl equation and hence the theories would be inequivalent even classically when there is nonvanishing torsion. This might be expected because the two actions are not even related by just a boundary term when there is torsion. For instance, variation with respect to Ψ L for the Hermitized Weyl action
if we take into account the identity (18) , whereas the Weyl action
However, the dynamics of the gravitational fields has so far not been taken into account. It is important to remember that in the Hermitized action, fermions couple to both left-and right-handed spin connection whereas in the Weyl action, only the left-handed spin connection is involved. In conventional theory, we introduce the Einstein-Hilbert-Palatini action which, together with the Hermitian fermion action, determine the classical dynamics of the vierbein and the full spin connection of both chiralities (or both dualities). For the non-Hermitized Weyl action we must therefore introduce the dynamics of gravitation in such a way that it involves only the left-handed or anti-self-dual spin connection. The simplest candidate for the gravitational part of such a theory is the Samuel-Jacobson-Smolin action [2] . Such an action is at least a reasonable candidate for low energy and classical gravitational dynamics. In fact, it can be argued that in any case the lowest order one-loop counterterm in the effective action when this non-Hermitized chiral fermion theory is quantized in curved background will be the anti-self-dual Samuel-Jacobson-Smolin action with cosmological constant. We shall next consider the theory specified by Eq. (1) augmented by this gravitational term.
What is remarkable is that the combined chiral Weyl and gravitational action gives precisely the same equations of motion for the vierbein, spin connection and fermions as the sum of the Einstein-Hilbert-Palatini and Hermitian Weyl actions. This is true despite the fact that these two versions of fundamental interactions are not even canonically related without further restrictions when there is nonvanishing torsion. To see this we may use the identity 6
where
and * denotes the Hodge duality operator. The Samuel-Jacobson-Smolin 6 See for instance Ref. [4] . In comparing with Ref. [4] , note that ΨLγ
where in terms of left-handed two-component Weyl fermions, ΨL = 0 φL . The total action in Ref. [4] differs from the one used here by an overall sign. 
with the anti-self-dual two-forms
F AB is the curvature of the full spin connection. In Eq. (33), we observe that the first line, which is the Einstein-HilbertPalatini action plus the Hermitian fermion action, is the real part of the combined chiral action, while the imaginary part consists of a total divergence or boundary term and a term involving Θ-squared. The equations of motion are such that when their real parts are satisfied, the imaginary parts give rise to no spurious or extra equations of motion. More precisely, on varying with respect to A − AB , we obtain
with unique solution
where ω AB is the torsionless (de A + ω AB ∧ e B = 0) spin connection and
Using the usual reality conditions that ω AB , e A and J A are real, we equate the real and imaginary parts of Eq. (38), and deduce that onshell, Θ A = 0. Consequently, the nonboundary imaginary part of the action in Eq. (33) yields equations of motion which are automatically satisfied on-shell due to its dependence on Θ-squared. Variations with respect to the vierbein and fermions must therefore produce the same set of equations of motion as from the Einstein-Hilbert-Palatini plus Hermitian Weyl action.
In particular, note that Θ A = 0 leads to
and thus
vanishes when the on-shell value of torsion in Eq. (39) 
The first two terms come from the fermionic Weyl action while the final term is the dual of the Einstein-Hilbert-Palatini action which is present in the Samuel-Jacobson-Smolin action.
IV. REGULARIZATION
In order to define the quantum field theory of fermions in background curved spacetimes, it is necessary to regularize divergent fermion loops. However, because chirality of the fermions and (anti-)self-duality of the spin connection are of the essence here, it is desirable to have a regularization which explicitly maintains not just the local symmetries but also the chirality and (anti-)self-dual coupling to gravity. To this end, various generic techniques such dimensional and zeta function regularizations fall short. Indeed to preserve explicit Lorentz and diffeomorphism invariance, spectator fields which do not couple to gravity are also not allowed. Furthermore, with only a single left-handed multiplet, Lorentz-invariant mass terms are Majorana in nature. The simple form of Ψ T L C 4 Ψ L + H.c. is not invariant under internal symmetry transformations. With real representations, an invariant mass term mΨ T L U C 4 Ψ L + H.c. can be constructed from a single multiplet. However for complex representations, a gauge and Lorentz invariant mass term cannot be made out of a single multiplet. Thus in the standard model there can be no bare masses. This poses a challenge for invariant Pauli-VillarsGupta regularization [12] , even though the chiral fermions belong to an anomaly-free representation. A generalization of the method of Frolov and Slavnov using an infinite tower of anticommuting and commuting regulators which are doubled in internal space [13] has been shown to be a suitable regularization scheme [6] . This proposed regularization retains the chiral (Weyl) nature of the theory even to the extent of the coupling of matter to gravity in that no right-handed fields and right-handed spin connections are introduced.
In this Section, we recount the scheme 8 and illustrate how it fits into the theory. The perturbative theory of the chiral fermion determinant is then defined through this regularization. A nonperturbative definition may also be possible if the "overlap" formulation for the chiral fermion determinant [14] is suitably extended to curved spacetimes in such a manner that no right-handed spin connection and regulator fermions are introduced. In this regard, we do not advocate that doubling in internal gauge space is equivalent to doubling in external space through the introduction of righthanded regulator fermion fields [15] . While this may be true perturbatively for flat spacetime, to maintian local Lorentz invariance, the introduction of right-handed fermions must be accompanied by that of right-handed spin connections in curved spacetimes. The chiral coupling to gravity is thereby disturbed by such a regularization. Doubling in internal gauge group space to form invariant masses for Pauli-Villars-Gupta regularization is achieved by including fermions which transform according to the (−T a ) * representation. An invariant mass term can be formed because under
is invariant under internal gauge and Lorentz transformations. Introducing in the enlarged space the quantities
where d denotes the number of Weyls in the bare action, the original multiplet is projected as 0
The mass terms for the regulator fermions,
can be written as m r (Ψ T Lr σ 1 C 4 Ψ Lr + H.c.). The doubled regulator fermion multiplets are to be coupled to the 2d-dimensional representation of the gauge connection, W µa T a .
The Ψ Lr fields are assumed to be anticommuting. Commuting doubled regulator fields Φ Ls are introduced in a similar manner. These have mass terms
These invariant mass terms for the doubled anticommuting and commuting fields exist, because for the T a representation, there is a symmetric (σ 1 ) and an antisymmetric (−iσ 2 ) matrix which satisfy
Note that all the fields are left-handed. The total regularized action which is explicitly gauge and Lorentz and, also diffeomorphism invariant is taken to be 9
(49) 9 We also allow all the fields to transform under general coordinate transformations. Here, we regularize only fermion loops in background fields, and do not address the question of the regularization of the gauge and gravitational fields. Gauge propagators may be regularized by other methods. Full quantum gravity effects are beyond the scope of this paper.
The sums are over all even natural numbers for the anticommuting fields and over all odd natural numbers for the commuting fields. The usefulness of this convention will become apparent (see for instance Eq. (54).) With the exception of
which is the original and undoubled chiral massless (m 0 = 0) fermion multiplet, all other anticommuting Ψ Lr and commuting Φ Ls multiplets are generalized Pauli-Villars-Gupta regulator fields, doubled in internal space, and endowed with Majorana masses, which we take for definiteness to satisfy m n = nΛ. Due to the fact that all the multiplets are left-handed, there are no couplings to the right-handed spin connection which does not need to be introduced for the Weyl action.
As detailed in Ref. [6] , the original gauge current coupled to W µa which is
is modified by the regulators to
As with conventional Pauli-Villars-Gupta regularization, the regularized composite current operator is summarized by
with the trace running over Dirac and Yang-Mills indices. As a result
In the above n is summed over all integers, iD / ≡ e The effect of the tower of regulators is to replace the divergent bare expression
(56) This general feature of the effect of the tower shows up in all the regularized currents.
The regulator function
has the required properties [13, 15] to ensure convergence. For instance, it falls rapidly to zero as z → ∞. When the regulator masses are taken to ∞, f (0) = 1. The σ 3 part of the current remains unmodified, essentially because the tower consists of regulators which are doubled in internal space and is "σ 3 neutral". It, therefore, can regularize only the singlet part of the 1 2 (1 − σ 3 ) projection of the bare current. However, when the representation satisfies the anomaly cancellation conditions for perturbative chiral gauge [16] and mixed Lorentz-gauge anomalies [17] i.e.
T r T
and T r(T a ) = 0 (59) respectively, the σ 3 part gives rise to no further divergences and, the current is successfully regularized by the tower of regulators. That all this is true is explained in Ref. [6] . We turn next to the gravitational currents. The bare spin current cou-
Similarly, the regularized expression is
(61) Various proposals for defining the energy momentum tensor have been suggested [10] . If the classical bare action is regarded as
in the first line of Eq.(1), then the energy momentum tensor Θ µν is obtained from
where L is the Lagrangian. On the other hand, if the variablesΨ L andΨ L are to be treated as independent integration variables as is suggested by the diffeomorphism-invariant measure (20) , then the energy momentum tensor T µν regarded as the source current for the vierbein is
The expression for the corresponding energy-momentum tensor is then 10
As a result, T µν and Θ µν are related by
The difference between the two is therefore not significant classically when the equations of motion can be imposed. However, at the quantum level, there can be subtleties [10] . Due to the choice of the densitized variables, all bare mass terms and, in particular, regulator bare mass terms, are independent of the vierbein and therefore do not contribute to T µν . The regularized expression consequently becomes
where −J α = J α 5 is the ABJ current. Again, the σ 3 part of the energy-momentum tensor gives rise to no divergent fermion loops if conditions (58) and (59) hold. Hence the expression for the energy-momentum tensor is regularized for finite Λ.
The regularized trace of the energy-momentum tensor is therefore
In our present discussion, we do not densitize the background variables and eschew use, for instance, of W Aa ≡ e 1 2 E µ A W µa instead of W µa . This choice would be useful if an explicitly diffeomorphism invariant measure DW Aa is required when the path integral formalism is to be applied to the quantization of the gauge fields [10] .
The energy-momentum tensor should be symmetrized if it is to be regarded as the source of the metric. Here in the first order formulation, the 10 In terms of variables which are not densitized, Tµν = ΨLγµiDν ΨL − antisymmetric part of the energy-momentum tensor serves as the source of the spin current (see also Eq. (84)). It is known that there are no perturbative Lorentz anomalies in four dimensions [18] . This is verified by the explicitly Lorentz-invariant regularization scheme proposed here and can indeed be checked by the explicit verification of the consistency condition for the absence of Lorentz anomalies. This condition is derived later on in Section V.
To summarize, all the currents carry left-handed projections and are regularized by the scheme for finite Λ. Fermion loops are generated by the multipoint correlation functions obtained by functional differentiation of the regularized currents in Eqs. (56), (61) and (67). We may further note the explicit role of the ABJ anomaly in Eqs. (67) and (68).
Under a chiral γ 5 rotation,
Lr ,
and similarly forΦ Ls andΦ Ls . Kinetic terms are invariant under this global tranformation, but mass terms are not. The bare massless action is invariant under such a global transformation, and the associated ABJ or γ 5 current
is conserved classically, i.e.. ∂ µ J µ 5 = 0. However, the bare quantum composite current
is divergent. The regularized current is not necessarily conserved. In the generalized Pauli-Villars-Gupta scheme, the mass terms of the regulators break the symmetry explicitly. The expectation value of the regularized ABJ current is
(72) The previous arguments concerning the unregulated σ 3 part are still valid. Within this context, we have in effect regularized the ABJ current, and the associated amplitudes can be computed explicitly.
The ABJ anomaly can be explicitly computed by taking the divergence of the expectation value of the regularized expression in Eq.(72) as
(73) The trace can be evaluated by using the complete sets of eigenvectors, {X n } and {Y n }, of the positive-semidefinite Hermitian operators with
Consequently,
For Euclidean signature, this works out to be
in the absence of torsion. 11 In the above, G µνa and F µνAB are, respectively, the curvatures of W µa and A µAB . This gives the result which is one-half of the chiral anomaly of a vector theory. Because all the fields are Weyl, the factor we get for the gravitational part is also d rather than 2d. This is in agreement with the fact that there are d Weyl fermions coupled to gravity in the bare action.
V. EFFECTIVE ACTION AND CONSERVATION EQUATIONS
In order to derive the conservation equations associated with the local symmetries of the quantum theory, we may consider the generating function
Under a change of integration variables,
there is no change in the partition function if there are no anomalous Jacobians in the measure. 12 Thus
But under simultaneous transformations
which correspond to symmetries of the action,
Therefore for such symmetry transformations
since
The resultant conservation equations for local gauge, Lorentz and diffeomorphism symmetries are, respectively,
with F − µνAB and G µνa being the respective curvatures of A − µAB and W µa .
The first equation is just the condition for the gauge current to be conserved. In the second equation, note that the antisymmetric part of the energy-momentum tensor acts as the source of the spin current. The final equation is the complete expression for invariance under local infinitesimal diffeomorphsims in the first order formulation when there are also couplings to internal gauge fields. This expression is more involved the familiar condition
for scalar fields when the gravitational coupling is only through the metric. The expression given here for fermion theories in the first order formulation agrees with that of Nieh and Yan [11] . Note that
We may also observe that all the currents defined here are left-handed and therefore only the left-handed spin connection is projected in Eqs. (84) and (85). Equipped with a regularization scheme, we can check explicitly that these equations for the expectation values which ensure the local symmetries of the theory are free of anomalies, are indeed satisfied. In particular, we can check that the equations for Lorentz and diifeomorphism invariance hold thus ensuring no inconsistencies or perturbative anomalies for the non-Hermitian Weyl theory studied here, despite the unfamiliar appearances of the ABJ current and ABJ anomaly in the imaginary parts of the spin current and energy-momentum tensor. This is in agreement with the fact that an explicitly gauge as well as Lorentz and diffeomorphism invariant regularization scheme can be found for the theory [6] .
In the next section we shall consider the case of global ABJ and scaling symmetries when there are anomalous Jacobians in the measure. Note that the Pauli-Villars regularization scheme discussed earlier explicitly preserves the local symmetries of the theory but also explicitly violate global scaling and γ 5 transformations since the regulator mass terms are not invariant under these. Thus the scheme also provides consistent computations of these anomalies for the Weyl theory.
VI. ANOMALOUS SYMMETRIES
In addition to the local gauge, Lorentz and diffeomorphism symmetries, the bare action is also invariant under global γ 5 and scaling transformations. Classically this results in the conservation of the ABJ current and the tracelessness of the energy-momentum tensor. However, quantum mechanically these symmetries are violated by the regularization which breaks these symmetries explicitly.
In the path integral approach, the anomalies are related to the nontrivial Jacobians of the fermion measure [19] . To obtain the relation between the anomalous Jacobians and the expectation values of the currents, we recall that the partition function Z is invariant under an arbitrary change of fermion integration variables. However if there is an anomalous Jacobian in the measure which transforms as
since the partition function is unaltered by a change of integration variables. For infinitesimal transformations, we have
This yields the sought-after relation
In the case of γ 5 transformations,
with A written as −i M αA 5 . The ABJ anomaly due to the nontrivial Jacobian is therefore
Given a regularization scheme, we can actually evaluate the anomaly as the expectation value of the divergence of the regularized current.
In the case of scaling,
and writing A = M αA yields
Hence the anomaly associated with the nontrivial Jacobian under scaling is
(97) By comparing with the trace of Eq. (65), we see that the anomaly from the nontrivial Jacobian under scaling of the integration variables is related to the trace of the energy-momentum tensor (see also Eq.(107)) by
There is an additional term proprotional to the divergence of the ABJ current which is nonvanishing quantum mechanically. This relation can also be deduced by considering the simultaneous local scaling transformations as in (26) 
since δ(ln e) = 4α under scaling. But the Weyl action changes by
under local scale transformations. Thus, under simultaneous scale transformations we have
(101) For infinitesimal transformations, the result is therefore
which is in complete agreement with the relation derived earlier.
A can be computed from the regularized expressions of eT µ µ and ∂ µ J µ . Had the Hermitized Weyl action been used, then under local scaling the action is invariant, and the result will be that the anomalous Jacobian agrees with the trace of the energy-momentum with no extra imaginary ABJ-anomaly contribution. Another way to understand this is to note that as far as scaling is concerned, the Weyl action differs from the Hermitized version by a scale-noninvariant term −i M B µ J µ which transforms as
since B µ changes by 3 2 ∂ µ α while J µ is invariant under local scaling. Thus these differences in scaling behaviour from the Hermitized theory offer further physical avenues to test the validity of the Weyl theory.
VII. CPT VIOLATION
In order to couple fermions to the four forces in a completely chiral fashion without introducing the right-handed spin connection we do not Hermitize the Weyl action. The difference between the Weyl action and the Hermitian version, as has been addressed in Sections II and III, involves the divergence of the ABJ current and also torsion terms. This difference is subtle because classically, the ABJ current is conserved while torsion is also zero for most familiar background solutions in general relativity. Moreover, within the context of Section III, B µ is zero on-shell. However, quantum mechanically, the ABJ anomaly exists and off-shell torsion in the presence of fermions cannot be guaranteed to vanish. As a result, among other things, the energy-momentum tensor and spin current presented here acquire imaginary terms (in Lorentzian signature spacetimes). These originate precisely from the non-Hermiticity of the Weyl Lagrangian whose anti-Hermitian part is not of the form of a ordinary divergence but has local contributions when there is torsion. Since the expectation value of the divergence of the ABJ current is not zero quantum mechanically, there are subtle violations of discrete symmetries due to the ABJ current and ABJ anomaly in the presence of topologically nontrivial gauge and gravitational instantons, and also nonvanishing torsion. It is easy to check that the imaginary part of the Weyl action is CP and CPT-odd since it is local and Lorentz invariant. 13 Thus the Weyl action while obeying all the local gauge, Lorentz and diffeomorphism symmetries of the theory violates discrete symmetries such as CP and CPT in contrast with the Hermitized Weyl and Majorana theories.
In addition to possible nonperturbative violations due to instantons, the precise perturbative and local processes which are involved are contained in the imaginary parts of the spin current and the energy-momentum tensor and the fermion loops generated by them. All these processes involve torsion and the ABJ current and originate from the B µ J µ coupling in the imaginary part of the action.
To isolate these processes we decompose the energy-momentum and spin current into their Hermitian and anti-Hermtian parts.
Details can also be found in Refs. [3, 4] .
This implies that the trace of the energy-momentum tensor which is related to the conformal anomaly also picks up an imaginary term. The full expression is
The spin current
has an anti-Hermitian part which is
All these imaginary terms are not present in the conventional Hermitian theory. We see that there are CPT-violating processes from fermion loops generated by the fermion (hence axial or ABJ) current coupled to B µ . As we have shown, this ABJ current, although anomalous, is regularized by the proposed scheme. In principle, the discussion provided here gives a self-consistent and self-contained method to compute these processes by computing the expectation values of the imaginary parts of the spin current and energy-momentum tensor in background fields.
We can estimate some of the effects of these new processes on the effective action. It can be argued that when the standard model chirally coupled to gravity is quantized in curved spacetimes with nonvanishing torsion, then the one-loop effective action will necessarily yield the SamuelJacobson-Smolin action with cosmological constant as the lowest order curvature counterterm just as the Hermitian Weyl action for spin 1/2 particles must require an effective action which contains the cosmological and Einstein-Hilbert-Palatini actions as the lowest order counterterms if we include gravitational couplings of both chiralities. Thus a quantum field theory of Weyl fermions in background curved spacetimes coupled in this chiral manner must violate CPT to the lowest order in curvature by a term of the form i/(16πG renor. ) M e A ∧ e B ∧ F AB in the effective action.
We sketch the arguments 14 of how and why for the truly Weyl theory such an imaginary term in addition to the familiar real counterterms appears in the effective action. As emphasized, the Weyl fermion action contains no coupling to the right-handed or self-dual spin connection A AB spin connection such the one advocated here is used. Moreover, whenever the spin connection makes its appearance in a counterterm, it must appear only in the antiself-dual combination of A − AB . The lowest order curvature term invariant under all the local chiral symmetries of the theory is the Samuel-JacobsonSmolin action 15 which is the anti-self-dual projection of the Einstein-HilbertPalatini action. To be more explicit, we can also consider the CPT-violating terms in the fermionic Weyl action as in Eq. (24) and relate the counterterms to the imaginary pieces of the Samuel-Jacobson-Smolin action which will be generated by the imaginary Weyl action in addition to the usual counterterms. 16 For this purpose, we may note that
The imaginary boundary term from the integral of ABJ-anomaly in Eq. (24) is related to the first boundary term above. d(e A ∧ T A ) is known as the Nieh-Yan four-form [20] and is actually an additional contribution to the ABJ-anomaly when the torsion is nonvanishing [21] . However, as it is apparent from dimensional arguments, the Nieh-Yan four-form appears in the ABJ anomaly multiplied by the square of the regulator mass if a Pauli-Villars-Gupta scheme, such as the one proposed here, is used i.e.
+ (usual * T r(F ∧ F ) and * T r(G ∧ G) terms) + O(Λ −2 ).
Recall that Λ is the regulator mass scale. The additional contribution to the ABJ anomaly when there is torsion diverges as the regulator mass is taken to infinity. Therefore the integral of the Nieh-Yan four-form will appear as a counterterm in the effective action of the Weyl theory. So when the torsion is nonvanishing, there is an additional boundary counterterm from the imaginary part of the Weyl action which corresponds to the boundary term in the Samuel-Jacobson-Smolin action and accounts for the first term in Eq.(110). The other imaginary term i M B µ J µ in the Weyl action generates fermion loops from the expansion of J µ which gives rise to torsion counterterms including the torsion-squared term which is the second term of Eq.(110) in the Samuel-Jacobson-Smolin action.
VIII. REMARKS
We have compared the conventional prescription for the interaction of matter and the four known forces with one which extends the chiral (Weyl) coupling to include gravity in four dimensions. In this regard, when fermions and the standard model are incorporated to reproduce the observed phenomena, the differences studied here can serve as tests of the attempts to quantize gravity with (anti)-self-dual variables without having to rely exclusively on predictions from the full quantum theory of gravity. At the low energy classical level of equations of motion, the alternatives are indistinguishable. As far as local symmetries are concerned, there are no inconsistencies for the completely chiral prescription since there are no local gauge, Lorentz or diffeomorphism anomalies. Moreover, a regularization which preserves these invariances and the Weyl nature of the theory exists. In the chiral alternative, the Weyl nature supersedes Hermiticity and CPT invariance is not automatic. Off-shell, CPT is violated when the torsion component B µ is nonvanishing. At the level of quantum field theory in curved spacetimes with nonvanishing torsion, there are detectable differences because the ABJ anomaly exists and because one-loop counterterms generated by the alternatives are different. These differences serve to characterize the chiral nature of the interaction of matter and the known forces at an even more fundamental level than current empirical data may suggest.
